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ABSTRACT In this research paper we have proved a theorem that characterizes the completeness of the metric

space under consideration. As a result of this characterization we obtain a corollary that presents us a criterion to
decide the completeness of a metric space. The paper contains two theorems; one is the converse of the other.
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1. INTRODUCTION

Completeness is one of the vital properties of metric spaces. One of the important aspects in terms of which
metric completeness can be characterized is Fixed Points. Banach [8] proved that every contraction on a
complete metric space has a unique fixed point. However the converse may not be true. This remarkable
result is known as Banach Contraction Mapping Principle. But after the Banach Contraction Mapping
Principle several results came up that exhibit both necessary and sufficient conditions for metric
completeness. For instance Suzuki [9] stated and proved a very simple generalization of Banach contraction
mapping principle that characterizes metric completeness. P. V. Subrahmanyam [7] proved that the Kannan
fixed point theorem necessarily imply metric completeness. Hu [1] also showed that if every contraction on
closed subsets of a metric space has a fixed point then the whole metric space is complete. Further Kirk [13]
proved that a metric space is complete if and only if every Caristi mapping [2, 3] on the metric space has a
fixed point. We can see the many results in this direction in [4, 5, 10, 11]. We have defined a mapping on a
metric space and proved that the metric space is complete if and only if it every such mapping has a unique
fixed point.

2. PRELIMINARIES AND DEFINITIONS

Definition 2.1: Let(X,d)be a metric space and let 7 be a mapping on. X . Then T is called a
“Contraction” if there exists 7 € [0,1) such that d(7x,7y) < rd(x, y)forallx,y € X .

The following famous theorem is referred to as the Banach contraction principle.

Theorem 2.1 (Banach) [8]: Let (X, d) be a complete metric space and let 7" be a contraction on X . Then
T has aunique fixed point.

Definition 2.2: Let (X, d)be a metric space and let 7" be a mapping on X . Then 7 is called “Kannan” if
there exists 7 €[0,1/2) such that d(Tx,Ty) <rd(x,Tx)+rd(y,Ty)forallx, y € X .

The following result is due to P. V. Subrahmanyam [7].

Theorem 2.2 [7]: A metric space (X,d) in which every mapping T of X into itself, satisfies the
conditions:

(1) d(Tx,Ty)Sﬂ[d(x,Tx)+d(y,Ty)] for all x,y€ X, where Ais any positive number not

necessarily less than 1/2;
(2) T(X) is countable;
has a fixed point, is complete.

P. V. Subrahmanyam [7] also proved that the condition (1) in the theorem 2.2 can be replaced by any of the
following conditions.

(1) d(Tx,Ty)S/l[d(x,Ty)+d(y,Tx)]for all x,y € X forafixed A>0,0<A<1/2.
(1) d(Tx,Ty) £ Amax {d(x,Ty),d(y,Tx)} for all x,y € X for afixed A > 0.
(1" d(Tx,Ty) < Amax {d(x,Tx), d(y,Ty)} for all x, y € X for afixed 4 > 0.
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Theorem 2.3 (Kikkawa and Suzuki) [6]: Let 7" be a mapping on complete metric space (X, d) and 0 bea
non-increasing function from [0,1) onto (1/2,1] defined by

Lifo<r< \/5_1,

2
1_f,if\/g_1 <r<
r 2 \/5

1 1f—<r<1

1+r \/__

Suppose  that  there exists 7 €[0,1) such that O@(r)d(x,Tx)<d(x,y)  implies
d(Tx,Ty) < rmax{d(x, Tx),d(y,Ty)} for allx,y € X. Then 7 has a unique fixed point z and

0(r) =

lim 7" x = z holds foreveryx € X .

n—>0
The following is a Kannan version of the Suzuki Theorem.

Theorem 2.4 (Kikkawa and Suzuki) [6]: Let 7 be a mapping on complete metric space (X,d) and € be
a non-increasing function from[0,1) into(1/2,1] defined by

|
Lif0<r<—
27
0=y 1
,if <r«l
1+r 2
Letae[o,l/z)andr=1“ <[0,1).
04

Suppose that 8(7)d(x,Tx) < d(x,y) implies d(Tx,Ty) < ad(x,Tx)+ad(y,Ty)for allx,y € X . Then
T hasa unique fixed point z andlim7"x = zholds for everyx € X .

n—>0
Recently Vidyadhar V. Nalawade and Uttam P. Dolhare [12] have proved another variant of the above result
as follows.
Theorem 2.5 [12]: Let(X,d) be a complete metric space and let 7 be a mapping on X . Define a non-

increasing function & from[0,1)into(1/2,1]by

Lifo<r< ng_l,

1_f,if\/g_1 < <L
r 2 \/5

l f—<r<1

1+r \/__

e[0,1). Assume that O(r)d(x,Tx)<d(x,y) implies

0(r) =

(04
Leta €[0,1/2)andr = 1
d(Tx,Tv) < ad(x,Tx)+ad(y,Ty)for allx, y € X . ThenT has a unique fixed pointz andlim7"x = z
n—>0
holds for every x € X .
Theorem 2.2 (Suzuki) [9]: Define a non-increasing function € from[0,1) to(1/2,1] by
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Lif0<r< \/5_1’
2
o(r) = l_f,if*/g_l_rsi,
r 2 \/5
1 1
L if——<r<l]
l+r \/5

Then for a metric space (X, d), the following are equivalent:
(1) X is complete.
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(2) Every mapping7 on X satisfying the following has a fixed point: there exists 7 €[0,1)such that

O(r)d(x,Tx) < d(x,y) implies d(Tx,Ty) <rd(x,y)forallx,y e X .

3. MAIN RESULTS
Throughout the following text we denote by [l the set of all natural numbers.

Theorem 3.1: Let (X, d)be a complete metric space and let T be a mapping on X . Let7 €[0,3/10).
Assume that d(x,7x) < d(x,y) impliesd(Tx,Ty) < rd(x,Tx)+rd(y,Ty) forallx,y € X .Then T has

a unique fixed point z and lim7"”x = zholds for everyx € X .

n—>0

Proof: We have d(x,Tx) < d(x,Tx),forallx € X .

By hypothesis we have,
d(Tx,T*x) < rd(x,Tx) +rd(Tx,T°x)
s d(Tx,T?x) < éd(x,Tx),forallx e X.
In general
d(T"x,T"'x) < (1%) A(, TX) FOrall X € X evvvveeeeeeeeeeeeoeeeseeeeeeseee

We now fix an elementu € X and define a sequence {u" } - inX byu, = T'u.

Then from (1) we have,

d(u,u,,)=d(T"u,T""u) < (IL

r
Taking limit as # — oo, since

1-r

Thus {un} is a Cauchy sequence in X .

Since X is a complete metric space, {un} converges to some pointz € X .
We next show
r

d(Tx,z) < (1

Forany x € X\{Z},We haved(u,,z) S@

Then we must have

)nd(u,Tu).

jd(x, z),forallx € X \{z}..cooooverrnrrinrcrccrannee.

,foralln > v for somev el .

<l1forr €[0,3/10), we getd(u,,u,,,) = 0asn —> .
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dw,,Tu)<du,,Tu)=du,,u,,,)
<d(u,,z)+d(u,,,z)
< d();,z) + d();,z) , for all n>v

_2 N z _d(x,2)
—3d(x, )=d(x,z) 3

<d(x,z)—d(u,,z)<d(u,x) (rld(x,2)—d(z,y)|<d(x, p))

Thus d(u,,Tu,) <d(u,,x).

By hypothesis we then get
d(Tu,,Tx) <rd(u

Taking n tend tooo we get

d(z,Tx) <rd(z,z)+rd(x,Tx) =rd(x,Tx)
Sd(z,Tx) <rd(x,Tx)<r [d (x,z)+d(Tx, z)] (Triangle inequality)

Tu, ) +rd(x,Tx),f0r 2 Vocoiiiiiiiiiiicicicccccce, (3).

no

Thus
d(Tx,z)<rd(x,z)+rd(Tx,z)

S (A=rd(ITx,z)<rd(x,z)

c.d(Tx,z) < lLd(x, 2)
—-r

Thus we have shown (2).

Next, we shall show that there exists a j € [ suchthat7’/z=z.

This we show by contradiction method. We assume that T’z # zfor all jell .

As T’z # z,forall j €[] we can use inequality (2) for 7z . (This is because inequality (2) is true for all

X#2Z).
Using inequality (2) we get
d(T’z,2)=d(T o Tz,z) < (led(Tz,z) (taking X = T2 i1 (2))errrerreeeerressreeerren (4)
—r
d(T°z,2) = d(T o T?z,2) < (ILJd(Tzz,z) (taking x = Tzin (2))
—r
- 2
< (:J d(Tz,z) L) W (5)
d(T*z,2)=d(T o T°z,2) < (led(ﬁz, z) (takingx =T"zin(2))
—-r
. 3
< (1—j d(Tz, 2) (by (5)).
—-r
Thus in general
J
d(T7"'z,2) < (IL) A(T2,2) FOTANY J €11 eoovveeeeeoeeeeeeeeeeeseseeeeeeeeseeeesseeseseesesseeesseeseeee ©).
Now, ——— <1 if +€[0,3/10)
(1-r)
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Assume d(T°z,2) <d(T°z,T°z).
Then we have
d(z,Tz)<d(z,T*2)+d(Tz,T*z) (by triangle inequality)

<d(T*z,T°z)+rd(z,Tz) (by above assumption and (1))

s(Lj d(z,Tz)+(Ljd(2,T2) (by (1)
1-r 1-r

P r
_((l—r) - ]d(z Tz)

B P +r(1-r)
_[—(l—r)z Jd(z,Tz)

d(z,Tz
((1—)j( :

<d(z,Tz) [ (1—rr)2 < 1}

Thusd(z,7z) < d(z,Tz). This is a contradiction.
Sowe haved(T?z,2)>d(T*z,T°z).

By hypothesis d(T°2,72) S vd(T°2,T>2) 4 FA(Z,TZ)eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeseres (7)
Now consider
d(z,Tz)<d(z,T’z) +d(T’z,Tz) (Triangleinequality)
2
< le d(z,T2) +rd(T*2,T°2) + rd(z, Tz) (by (6)and (7))
—-r
< " j d(z, TZ)+I"(1 j d(z,Tz)+rd(z,Tz)  (by(1))
J— }/' —
2, .3 32
[ +r(21 r) d(z.T7)
(1-1)
32
[ 2 a )
(1-1)
32
<d(z,Tz) ['.'%<1if0£r<3/10j
—-TI

Thusd(z,7z) < d(z,Tz). This is a contradiction.
Therefore there existsa j €[] such that7’z = z. Since {T"Z} is a Cauchy sequence, we have 7z =z .

Thus z is fixed point of T'.
Uniqueness: Let z' be another fixed point of T . Thus 7Zz" = z". From (2) we get

d(z',z) = d(T%', z) < (led(z', 2)
—r
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Thus d(z',z) < (ILJ d(Z',z).
—r

-
Therefore d(z',z)=0 ( T < ljand s0z' = z. Hence the fixed point of T is unique. The proof is
—-r

complete.

Now we shall prove that every mapping 7' on a metric space X satisfying the condition in the theorem 3.1
is complete in the following theorem.

Theorem 3.2: Let (X,d) be a metric space. For 7 €[0,3/10), let F; be the family of mappings 7 on X
satisfying the following.

For x,y € X,d(x,Tx) <d(x,y) implies d(Tx,Ty) <rd(x,Tx)+rd(y,Ty).

Let F, be the family of mappings 7 on X satisfying a) and the following.

T(X) is countably infinite.

Every subset of T(X) is closed.

Then the following are equivalent:
1) The metric space X is complete.

2) Everymapping T" € F| has a fixed point for all 7 €[0,3/10).

3) There exists 7 € (0,3/10) such that every mapping 7" € F, has a fixed point.
Proof: We shall prove 1) implies 2), 2) implies 3) and finally 3) implies 1).
1) Implies 2) is proved by the theorem 3.1. As F, C F; for all » €[0,3/10) it is also clear that 2) implies

3). Now we shall proceed to show 3) implies 1). This we shall show by contradiction method. So suppose
that 3) is true but 1) is not. That is suppose the metric space (X,d) is not complete. Then there exists a

Cauchy sequence {Sn }j; in X thatdo not converge in X .
Define a function f : X —[0,0) by f(x)=Ilimd(x,s,) forall x € X.
n—>0

We shall show that for every x € X , the sequence {d(x, s, )}

o0
n=

X is a Cauchy sequence in the metric space

[0,00) with respect to the absolute value metric. We have f(x)= llil;d (x,s,). So given £>0 there

existsan N €[] such that |d(x,s,)— /(x) <§ forall n> N.
Consider
|d(x,s,)—d(x,s,)|<[d(x.5,) = £(x)]-[d(x.5,) - f(2)]
<ld(x,s,) = fF@)|+|=D[d(x,s,) - f(0)]
=|d(x,s,) = f()|+[-1]|d(x,5,) = f (%)
=|d(x,s,) = f(0)|+|d(x,5,) — f (%)

££+£, foralln,m> N
2 2

=¢.
Thus |d(x, s,)—d(x, Sm)| < g foralln,m> N. Hence the sequence {d(x, Sn)}jzl is a Cauchy sequence in

the metric space [0,90). An immediate consequence of this result is that the function f defined above is
well defined. Next we claim the followings:

[1] £ ()= f()| < d(x, ).
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Consider
£ = £ )| =[limd(x.s,) - limd (v.s,)
~lim[d(x.5,)-d(r.5,)]
<[timd(x, ») ([d(x,2)-d(p,2)| < d(x, )
=|d(x, )
= d(x,y) (+d(x,7)>0)
2] d(x,y)< f(x)+ /().
Consider

d(x,y)<d(x,s,)+d(1.s,)
<lim[d(x,s,)+d(y.s,)]
=limd(x,s,)+limd(y,s,)

=/(0)+ 1)
[3] f(x)>0,forallx e X.

It is clear that, limd(x,s,) >0 because d(x,s, )=0forallxe X. But if limd(x,s,)=0, then
n—>0

n—>x0

lim s, =x € X, which is a contradiction to the hypothesis that the sequence {Sn }:O_l do not converge in

n—>0

X. Therefore limd(x,s,) >0,forallx € X orin other words f(x)>0,forallx € X.

[4] lim f(s,)=0.
Consider

lim £ s,)

n—»0

- lim[lim d(sn,sm)}

n—>0 | m—>0

=1im[0] (because{s, } " isaCauchysequence)

n—0
=0
Define the mapping 7' : X —> X as follows: Since lim f(s,) =0 and since f(x)>0 for each xe X
n—>0

(24

3
there exists V €L such that f(s,) < 3 f(x),where 0<x < I We define Ix =5, .

+a

[94
f(x)< f(x) forall xe X .Then Tx#x forall xe X .

It is then obvious that f(7x) = f(s,) <
3+a

This is because if 7x =x then f(7x)= f(x) forall x € X ,but f(7x)< f(x).Thus T does not have a
fixed point.

We shall show that T satisfies (a), (b) and (c) of the statement of the theorem.

Fix X,y € X satisfying d(x,7x) <d(x,y).

Case1. f(¥)>2f(x).
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d(Tx,Ty) < f(Ix)+ f(Ty) (by[2]above)
S+ /G)
+a
<2 (f0)+ 1) (because3<3+a:> ! <lj
3 3+a 3
< %(f (xX)+f(y)+ 270{ (f(»)-2/(x))  (because f(y)>2f(x)inthiscase)
=a(f(y)=f(x))
<ad(x,y) (by[1]above)
<a [d (x,Tx)+d(Tx, y)] (by Triangle Inequality)

=ad(x,Tx)+ad(Tx,y)
<ad(x,Ix)+a [d(y, Ty)+d(Ty, Tx)] (by Triangle Inequality)

=ad(x,Tx)+ad(y,Ty)+ad(Tx,Ty)
Thus
d(Tx,Ty) < ad(x,Tx)+ad(y,Tv)+ ad (Ix,Ty)

S(l=a)d(Tx,Ty) Lad(x,Tx)+ad(y,Ty)
e d(Tx, Ty) < —Z— d(x, Te) +—2—d(»,Ty)
- -«

Sd(Tx,Ty) <rd(x,Tx)+rd(y,Tv) (BecauseasO <a <%,0 < % - i01r0 <r< i}

I-a 10 10
Case2. f(¥)<2f(x).
We observe that
d(x,y)=d(x,Tx) (by assumption)

> f(x)~ f(Tx) (by[1]above)
z[l—ijf(x) (f(Tx)s 2
3+

3+«

f(x)=—f(Tx) > —%f(x)j
+a

3
—mf(x)

Hence we get

d(Tx,Ty) < f(Tx) + f(Ty)

<+ /G
+a
< 3 f (f(x)+2f(x)) (because f(y) <2 f(x)in this case)
(04
_ 3% k) (because 3 fv<d(x, y)j
3+ 3+
<ad(x,y)

Then continuing as in case 1 we reach to the conclusion that

d(Tx,Ty) <rd(x,Tx)+rd(y,Tv).

Thus we have shown (a).
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Also since Tx=s, € {Sn /nell } it is clear that 7(X)cC {S” /nell } . Hence T(X) is countably

infinite. Hence (b) is true. It is not difficult to show (c).
Thus T satisfies (a), (b) and (c) in the statement of the theorem. So 7" € F),. By (3) in the statement of the

theorem, T has a fixed point. This is a contradiction. This contradiction yields the theorem.

Consequence of Theorem 3.2 is the following corollary.

Corollary 3.1: For a metric space (X, d) the following are equivalent:

(1) X is complete,

(2) There exists 7 €(0,3/10) such that every mapping 7 on X satisfying the following condition has a
fixed point: d(x,7x) <d(x,y) implies d(Tx,Ty) <rd(x,Tx)+rd(y,Ty) forall x,y € X .
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